This paper reviews stability analysis techniques by using the Nyquist and Nichols charts. The relationship between the Nyquist and Nichols stability criteria is fully described by using the crossing concept. The results are demonstrated through several numerical examples. This tutorial provides useful insights into the loop-shaping based control systems design such as Quantitative Feedback Theory.
I. Introduction
Stability is always a major concern in analysis and design of feedback control systems. Consider the Linear Time Invariant (LTI) feedback system as shown in Fig. 1 
. P(s) and G(s) represent plant and controller Transfer Functions (TFs).
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II. Stability Analysis Using Nyquist Plot
The Nyquist stability criterion is based on the Cauchy's principle. For the feedback system Fig. 1 with the loop-function L(s), consider a contour in s-plane enclosing the entire Right-Half Plane (RHP)
including the imaginary axis. This contour refers to the 'standard Nyquist contour' and is denoted by Γ hereafter. The requirement for the Cauchy's principle is that Γ must not pass through any pole of L(s).
Its radius should be large enough to enclose all Right-Half Plane (RHF) poles of L(s). To avoid passing through the poles located on the imaginary axis, Γ is constructed such that it encircles these poles by a semicircular arc with a very small radius tending to zero. By using Cauchy's principle, the following equation holds for the obtained Nyquist plot of L(s) in the complex plane,
where, N z and N p are the number of zeros and poles of L(s) inside the contour Γ. N is the number of times that the Nyquist plot encircles the origin.
According to (2) -The number of unstable poles of the feedback system Fig. 1 , N z , is given by:
N p is the number of poles of L(s) inside the contour Γ and N is the number of times that the Nyquist plot encircles the critical point (−1, 0).
-The feedback system is stable if and only if the Nyquist diagram of L(s) does not intersect the critical point (−1, 0) and encircles it 'n' times in the counterclockwise direction.
Proof: This is a direct consequence of the Cauchy's principle. For a more comprehensive information interested readers are directed to [1] .
It should be noted that an encirclement of the point (−1, 0) is counted as positive if it is in the same direction as the standard Nyquist contour and negative if it is in the opposite direction. In this context, In the following, an approach is presented that simplifies counting N in (3) . It provides the basis for development of the stability criterion using Nichols chart.
Definition 1:
A Nyquist diagram is a smooth curve if it is differentiable for all θ ∈ [0, 2π] where, θ represents the phase of the loop-function at each frequency, and is given by:
Definition 2: Let R (−∞,−1) be the ray on the real axis from −∞ to −1 in the complex plane. A crossing occurs when L(s) intersects R (−∞,−1) . The crossing is said to be positive if the tangent to the Nyquist plot has a positive imaginary part. Consequently, it is negative if the tangent to the Nyquist plot has a negative imaginary part, as shown in Fig. 3 .
If the Nyquist plot is a smooth curve, the sign of crossing is obviously +1 or −1. However, when the Nyquist plot approaching a point on the real axis, there might be a cusp due to local singularity of the Nyquist plot. The crossing is not well-defined as the Nyquist plot is not differentiable at such a point.
This situation might occur at ω = 0 or ω = ±∞. To address this issue when there exists a cusp at ω = 0, the sign of the first nonzero derivative of θ, given by (4), with respect to ω at ω = 0 is adopted as the sign of the crossing. If this derivative is positive, the crossing is supposed to be positive, otherwise, it is selected as negative. For the cusp at ω = ±∞, because all derivatives of θ approach to zero as ω → ±∞, the above solution is not feasible. Instead, ω is replaced with 1/ω and the derivation technique is again applied but at this time with respect to 1/ω.
It is then a direct consequence of the above statements that: 'A crossing is said to be positive if the direction of the Nyquist plot is upward, otherwise the crossing is negative.' Theorem 2: Consider the feedback system as shown in Fig. 1 . Assume that L(s) has 'n ≥ 0' unstable poles. By using the crossing concepts as discussed above, the followings are then equivalent. 
III. Stability Analysis Using Nichols Chart
In the following, the stability criterion of the feedback system Fig. 1 is studied which is based on the Nichols chart [12] . Again, it is assumed that no unstable pole/zero cancellation takes place in L(s). The stability criterion is obtained by mapping the critical point (−1, 0), the ray R (−∞,−1) and the Nyquist plot of L(s) into the Nichols chart, and by using the crossing concept. 6 Υ is the map that transforms any point A(x, y) on the Nyquist diagram of L(s) into its equivalent point,
A
′ (φ, r), in the Nichols chart, through:
r = 20 log( x 2 + y 2 ).
x and y denote the real and imaginary parts of the Nyquist plot of L(s) in the complex plane.
A. Stability Analysis Using Single-Sheeted Nichols Chart
There are two aspects in the presentation of the system's frequency response in the Nichols chart.
In the first aspect, the exact phase obtained through Υ is plotted inside the Nichols chart. The Nichols chart that covers phase information outside the range of [−360 Proof: This is a direct consequence of the above discussion.
B. Stability Analysis Using Multiple-Sheeted Nichols Chart
In this section, the proposed stability criterion given by Theorem 3 is extended to the multiple-sheeted Nichols chart, where the phase of the system frequency response exceeds the range of [−360
• , 0). 8 In this case, the map of the critical point (−1, 0) through Υ, from the complex plane into the multiplesheeted Nichols chart, is repeated at the points ((−180 ± 360k)
• , 0dB), k = 0, 1, · · · . In addition, the map of the ray R (−∞,−1) through Υ, from the complex plane into the multiple-sheeted Nichols chart will result in multiple rays on lines ((−180 ± 360k)
By comparing the single and multiple sheeted Nichols plots of L(s), it is seen that the sum of crossings will be constant for both plots. There is only one difference that the Nichols plot of one is horizontally shifted with respect to another. Therefore, the following stability criterion is derived when using the multiple-sheeted Nichols chart.
Theorem 4: Consider the feedback system as shown in Fig. 1 . Assume that L(s) has 'n ≥ 0' unstable poles. The followings are equivalent when using the multiple-sheeted Nichols chart.
-The sum of crossings illustrates the number of times that the Nyquist diagram of L(s) encircles the critical point (-1,0) in the complex plane.
-The feedback system is stable if and only if the multiple-sheeted Nichols plot of L(s) does not intersect the critical points ((−180 ± 360k)
• , 0dB) and sum of its crossing with the rays located on
Proof: This is a direct consequence of the above discussion and extension of Theorem 3 to the multiple-sheeted Nichols chart.
1) Multiple-Sheeted Nichols Chart versus Single-Sheeted Nichols Chart:
By comparing the single and multiple Nichols charts, the following features are highlighted.
-There is no priority between multiple-sheeted and single-sheeted Nichols charts or plots. Only in some cases, the plot of the loop-function's frequency response into the multiple-sheeted Nichols will result in the closed curve. However, multiple crossing ray and multiple critical points appear that must be taken into account when analyzing and designing the control system using multiple-sheeted Nichols chart.
-What is very important is that the system characteristics will be preserved by shifting the phase response by ±(360k)
• for k = 0, 1, · · · . Thus, the use of multiple or single sheeted Nichols chart is a matter of convenience only and do not affect the analysis and design of the feedback systems. Phase(degrees) is related to the system frequency response for negative ω. Since both full and half multiple-sheeted or single-sheeted Nichols charts result in same number of crossings, half of the multiple-sheeted or single-sheeted Nichols is enough for the stability analysis.
IV. Examples
In the following several examples are provided that cover a large variety of the loop-function models, stable and unstable zeros and poles.
Example 1: Consider the feedback system Fig. 1 with a stable, minimum phase loop-function as given by:
.
Determine the system stability for K = 5 and K = 15 by using the crossing concept, Nyquist and singlesheeted Nichols plots.
Solution 1:
The given loop-function does not have unstable mode, then N p = 0. Fig. 5(a) shows the 
Determine the system stability for K = 5 and K = 1 by using the crossing concept, Nyquist and singlesheeted Nichols plots.
Solution 2:
At this example, the loop-function has two unstable poles, then N p = 2. 
Determine the system stability for K = 0.5 and K = 1.5 by using the crossing concept, Nyquist and Nichols plots. Phase(degrees) does not encircle the critical point (−1, 0). By using (3) , N z = N + N p = 0 + 0 = 0, which implies the feedback system is stable for K = 0.5. As Fig. 7(b) shows, the number of crossings of R (−180 • ,r>0dB) is 0 for K = 0.5 and then N = 0. Since N = −N p = 0, the feedback system is stable for K = 0.5. Subsequently, Fig. 7(c) for K = 1.5. As shown in Fig. 7(d) , the number of crossing of the ray R (−180 • ,r>0dB) by the single-sheeted Nichols plot of L(s) will be N = 1. Thus, N N p and the feedback system is unstable for K = 1.5.
Example 4:
Consider the feedback system Fig. 1 with an unstable and nonminimum phase loop-function as given by:
Determine the system stability for K = 0.5 and K = 1.5 by using the crossing concept, Nyquist and Phase(degrees) 
Nichols plots.
Solution 4:
The given loop-function has two unstable poles, then N p = 2. The Nyquist diagram of L(s) for K = 0.5 is shown in Fig. 8(a) saying that the feedback system has one RHP pole and them is unstable for K = 1.5. Fig. 8(d) Magnitude(dB) negative and one positive which lead to N = +1. Since N N p , then the feedback system is unstable for
Example 5: The use of integrator in the control structure is necessary if tracking is one of the desired objectives. It makes the tracking error to be zero. In this example, a feedback system with integrator is considered. Let L(s) in feedback system Fig. 1 be as follows:
Using the crossing concept, determine the system stability for K = 1 and K = 5. Magnitude(dB) unstable poles and is unstable for K = 5. As it is shown by Fig. 9(d) , the sum of crossing is N = 2 for K = 5. Since N −N p , then the feedback system is unstable for K = 5.
Example 6:
In this example, the stability conditions is investigated for a system with an integrator and NMP zero. Consider the feedback system 1 with an unstable and non-minimum phase loop-function as given by:
Using the crossing concept, determine the system stability for K = −1 and K = −5. 
